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Vapor-liquid, vapor-solid and liquid-solid coexistence lines are calculated for binary
mixtures of Lennard-Jones spheres using Monte Carlo simulation and the Gibbs-Duhem
integration technique. Complete phase diagrams showing equilibrium between vapor,
liquid and solid phases are constructed for binary Lennard-Jones mixtures with diame-
ter ratios ranging from a,,/0,, = 0.85~ 1.0 and attractive well-depth ratios ranging from
€,/€,,=0.625—1.6, at a reduced pressure P* = Po;}/e;, = 0.002. The Lorentz-
Berthelot combining rules are used to calculate the cross-species interaction paramelers
a;, and €,,. The variation in the shape of the complete phase diagrams change as a
function of the diameter ratio o,,/0,, and well-depth ratio €,,/€,, is systematically
explored. The phase diagrams found here resemble those found experimentally for ar-
gon-methane, iodine-sulfur, water-sodium chloride, water-silver nitrate, water-potassium
nitrate, and p-dichlorobenzene-p-dibromobenzene.

introduction

Knowledge of the phase behavior of mixtures is crucial to
the successful design and operation of countless processes
encountered in chemical engineering practice. Design engi-
ncers need to know, for cxample, whether they will cn-
counter precipitates in pipelines, liquid-liquid separation in a
distillation column, or cosolvency in a supercritical fluid ex-
traction column. Although the phase equilibrium of a mix-
ture can, in principle, be measured at any condition of inter-
est, ultimately, one would like to be able to predict mixture
phase behavior based solely upon knowledge of the compo-
nents’ molecular architecture and intermolecular forces.

The prediction of phase equilibria for mixtures has been
the subject of intensive investigation for decades. Two kinds
of studies have been conducted: (1) those aimed at develop-
ing accurate predictions of phase equilibria for specific sub-
stances (such as hydrocarbon mixtures, polar/nonpolar mix-
tures, and so on), and (2) those aimed at providing general
intuition about the overall topography of phase diagrams for
broad classes of substances, with particular focus on how in-
termolecular -forces impact phase diagram shapc. The latter
type of study is exemplified by the work of Scott and van
Konynenburg (1970) and van Konynenburg and Scott (1980),
who analyzed how the types of phase diagrams predicted by
the van der Waals equation of state for binary mixtures de-
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pend on the values of the van der Waals sizc and energy
parameters. Remarkably, the simple van der Waals cquation
of state was found to exhibit five of the six types of fluid
phase behavior observed experimentally. This landmark study
has been followed by similar analyses for other equations of
state, such as the Redlich-Kwong (Deiters and Pegg, 1989),
the Carnahan-Starling-Redlich-Kwong (Kraska and Deiters,
1992), the Guggenheim (Wang et al., 2000), and the Ree
(Mazur et al.,, 1984) equations of state.

Most of the research aimed at understanding how inter-
molecular interactions affect phase behavior has focused ex-
clusively on fluid-phase equilibria. However, in real systems,
solid phases form and often interrupt the complex phase be-
havior exhibited by fluids (Schneider, 1978; Scott, 1987). Many
phenomenological descriptions of complete phase behavior
(that is, showing equilibrium between vapor, liquid, and solid
phases) have been given, beginning with Smits (1903) and
Bakhuis Roozeboom and Buchner (1905), who recognized
that there are two types of solid-fluid-phase behavior in bi-
nary mixtures (not to be confused with the six-types of fluid-
phase behavior classified by van Konynenburg and Scott). In
Type 1, the three-phase solid-liquid-vapor coexistence curve
does not interfere with the liquid-vapor critical curve. In Type
2, the three-phasc solid-liquid-vapor curve does interfere with
the liquid-vapor critical curve; the intersection of these two
curves forms critical cndpoints where the critical liquid and
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vapor phases coexist in the presence of a solid. Based on these
two gencral types of solid-fluid behavior, Valyashko (1986,
1990) proposed a classification scheme for twelve types of
complete diagrams. Eight of these types result from the anal-
ysis of experimental data for water-inorganic salt mixtures.
The remaining four types were deduced by the method of
continuous topological transformation, which involves mak-
ing educated guesses about the transitions in topography be-
tween the eight known types. This method is based on the
idea that there are continuous transitions between all types
of phase behavior (Schneider, 1970). Luks (1980) and Peters
et al. (1986) have qualitatively described four types of com-
plete phase diagrams observed for binary mixtures of solvent
(methane, ethane, carbon dioxide) and a homologous series
of solutes (n-alkanes).

A quantitative description of complete phase behavior has
been given by Luks and coworkers (Garcia and Luks, 1999;
Labadie et al., 2000). Garcia and Luks (1999) calculate the
solid-liquid-vapor locus for binary mixtures of solvent and a
homologous series of solutes using the van der Waals equa-
tion of state for the fluid phase and a simple fugacity model
for the solid phase. This work was extended by Labadie et al.
(2000), who calculated the fluid-phase critical loci for these
mixtures, offering a picture of how the multiphase topogra-
phy progresses with changes in the solute properties. They
found examples of solid-fluid phase behavior in keeping with
what has been observed in real systems, as well as solid-fluid
phase behavior that has yet to be verified by experiment. As
with any analytical equation of state, there exists the possibil-
ity that the new topographies are mathematical artifacts
stemming trom the approximations made in the development
of the equation of state. Nonetheless, the new possibilities
for complete phase behavior calculated by Luks and cowork-
ers are intriguing and invite further investigation.

The most accurate way to determine how molecular size,
shape, and energy of interaction influence phase equilibria is
with molecular simulation, since molecular simulations pro-
vide exact results for the model system being studied (Allen
and Tildesley, 1987). A significant advance was made in the
simulation of phase equilibria when Panagiotopoulos (1987,
1988) introduced the Gibbs ensemble method. In this method,
the two coexisting phases are simulated independently, yet
are coupled thermodynamically in order to satisfy the criteria
of phase equilibrium: equal temperatures, pressures, and
species chemical potentials. These conditions are satisfied by
simulating each phase at the same temperature and pressure,
and performing particle transfers between the phases to
maintain chemical potential equality.

Although the Gibbs ensemble method has been widely
adopted for studying fluid-phase equilibria, it is not an effi-
cient method for studying solid-phase equilibria because a
large number of successful particle transfers between each
phase are required for chemical potential equilibration. In-
spired by the Gibbs ensemble method, Kofke (1993) intro-
duced the Gibbs-Duhem integration technique for direct sim-
ulation of phase equilibria. As in the Gibbs ensemble method,
two or more coexisting phases are simulated independently
at the same temperature and pressure. However, instead of
using particle transfers, the chemical potential equality among
each phase is maintained by integrating along the Clapeyron
differential equation for coexistence during the simulations.
Eliminating the need for particle transfers between phases
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makes the Gibbs-Duhem integration method well-suited for
calculating phase equilibrium for cases in which one of the
phases is a solid. The method requires an initial coexistence
condition to begin the integration of the Clapeyron equation;
this initial condition can be obtained from simulation data
(such as a Gibbs ensemble simulation or a previous Gibbs-
Duhem integration), a reliable theory, or experimental data.

The focus of most of the simulations of vapor-liquid and
liquid-liquid phase behavior has been the Lennard-Jones
fluid, the quintessential model of a system containing spheri-
cally symmetric molecules. The Lennard-Jones intermolecu-
lar potential is given by

win=so|(2) (2] ] (1)

where u;; is the potential energy of interaction between par-
ticles / and j, r is the distance between particles / and j, ¢;
is the Lennard-Jones attractive well-depth, and o;; is the
Lennard-Jones diameter. Simulations of the fluid-phase be-
havior for Lennard-Jones mixtures have proven useful for
testing theories (Georgoulaki et al., 1994; Harismiadis et al.,
1991; Tsang et al., 1995), as well as for developing general
intuition regarding the influence of molecular size and inter-
molecular interactions on phase behavior (Canongia Lopes,
1999; Canongia Lopes and Tildesley, 1997; Guo et al., 1994;
van Leeuwen et al., 1991; Sadus, 1999).

In a previous article (Hitchcock and Hall, 1999) we used
the Gibbs-Duhem integration method combined with semi-
grand canonical Monte Carlo simulations to calculate solid-
liquid phase diagrams for binary Lennard-Jones mixtures over
a range of diameter ratios o, /05, = 0.85~1.0 and well-depth
ratios €,,/€,, =0.45-1.6. The cross-species interaction pa-
rameters were calculated using the Lorentz-Berthelot
(Rowlinson and Swinton, 1982) combining rules. We found
that for well-depth ratios of unity (equal attractions among
species), phase behavior indicative of eutectics and solid solu-
tions with minimum melting points is observed for diameter
ratios ranging from 0.85 to 1. We then varied the well-depth
ratio of the mixtures at several constant diameter ratios and
observed transitions from solid solution to solid solution with
a minimum melting point, from solid solution with a mini-
mum melting point to eutectic, and from solid solution to
peritectic. Using our simulation results, we were able to map
out the boundaries separating regimes of solid solution, solid
solution with a minimum melting point, eutectic, and peritec-
tic solid-liquid phase behavior in the space spanned by the
Lennard-Jones diameter and well-depth ratios.

More recently, we have demonstrated that the Gibbs-
Duhem integration method can be used to calculate com-
plete phase diagrams (Hitchcock and Hall, 2000; Lamm and
Hall, 2000) where by “complete” we mean containing all pos-
sible phases: solid, liquid, and vapor. Prior to that, complete
phase diagrams for symmetric (equal diameters, oy, = 0
equal attractive well-depths, €,, = €,,) Lennard-Jones mix-
tures were calculated by Vlot et al. (1997) using a combina-
tion of molecular simulation and semiempirical models. In
their work, Monte Carlo simulations were conducted for each
phase at selected state points to determine the excess free
energy as a function of composition. The resulting free en-
ergy vs. composition data was fit with a two-parameter
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Redlich-Kister polynomial and the convex envelope construc-
tion method was used to determine the phase diagram. In
comparison to this somewhat indirect method, the Gibbs-
Duhem integration method can be applied to the calculation
of complete phase diagrams with relative ease.

Our objective in this article is to explore the effect of both
molecular size and intermolecular attractions on the com-
plete phase behavior of a mixture. We calculate complete
phase diagrams for binary Lennard-Jones mixtures with di-
ameter ratios ranging from 0.85-1.0 and attractive well-
depth ratios ranging from 0.625-1.6, at a reduced pressure
P* = Poy| /e,, = 0.002, which is equivalent to atmospheric
pressure for argon. The cross-species interaction parameters
are obtained from Lorentz-Berthelot combining rules. We re-
strict ourselves to diameter ratios ranging from 0.85 to 1.0,
because calculations on binary hard-sphere mixtures have
shown that the stable solid phase in this region is a substitu-
tionally disordered fcc crystal (Barrat et al., 1986, 1987; Kra-
nendonk and Frenkel, 1991; Cottin and Monson, 1995). At
diameter ratios less than 0.85, the phase equilibrium calcula-
tion is more complex because several ordered crystalline
phases are possible, necessitating the calculation of each
phase’s free energy to determine the most stable crystalline
structure. Vapor-liquid, solid-liquid, and solid-vapor lines are
calculated for each mixture by integrating the Clapeyron dif-
ferential equation for binary mixture phase equilibria at con-
stant pressure. The initial conditions for the integrations are
the vapor-liquid and fcc solid-liquid coexistence data for a
single component Lennard-Jones system at P* =0.002 ob-
tained via Gibbs-Duhem integration (Kofke, 1993; Agrawal
and Kofke, 1995). The properties of each phase at subse-
quent integration points are determined by semigrand canon-
ical Monte Carlo simulations (constant temperature, pres-
sure, total number of molecules, and fugacity fraction) on the
vapor, liquid, and solid phases.

Highlights of our results are the following. We find that,
for well-depth ratios of unity (equal attractions among
species), there is no interference between the vapor-liquid
and solid-liquid coexistence regions. As the well-depth ratio
increases or decreases from unity, the vapor-liquid and solid-
liquid phase envelopes widen and interfere with each other
leading to a solid-vapor coexistence region. For all well-depth
ratios and a diameter ratio of 0.95, the solid-liquid lines have
a shape characteristic of a solid solution (with or without a
minimum melting temperature); as the diameter ratio de-
creases, the solid-liquid lines fall to lower temperatures until
they eventually drop below the solid-solid coexistence region,
resulting in either a eutectic or peritectic three-phase line.
These phase diagrams presented here resemble those found
experimentally for argon-methane, iodine-sulfur, water-
sodium chloride, water-silver nitrate, water-potassium ni-
trate, and p-dichlorobenzenc-p-dibromobenzene.

The remainder of the article is organized as follows. The
Gibbs-Duhem integration method is outlined and the proce-
dure for the calculation of mixture phase behavior for solid,
liquid, and vapor phases is described. The complete phase
diagrams are then presented followed by a discussion of the
results, followed by a brief summary and further discussion.

Gibbs-Duhem Integration

In this section we describe how we calculated phase equi-
libria for binary Lennard-Jones mixtures using the Gibbs-
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Duhem integration method. We begin by presenting a brief
review of the Gibbs-Duhem integration method. We then
discuss our procedures for determining an initial coexistence
condition and integrating the Clapeyron equation. Finally, we
describe the details of the semigrand ensemble simulations
used throughout the integration procedure to determine the
properties of each of the coexisting phases.

The coexistence lines were calculated using Gibbs-Duhem
integration (Kofke, 1993, 1998). In this method, phase coexist-
ence is determined by numerically integrating the Clapeyron
differential equation appropriate to the system of intcrest.
Clapeyron equations describe how field variables (variables
that must be equal among coexisting phases) change along
the phase equilibrium line. The Clapeyron equation for equi-
librium between two phases (« and y) of a binary mixture
containing components 1 and 2 at constant pressure is

dp ¥y —x3
e k. @
& &H(I-&)(h —nY)

where B is the reciprocal temperature 1/kT. with k the
Boltzmann constant and 7' the absolute temperature, £, is
the fugacity fraction of species 2, &, Ef}/Zf?, with f. the
fugacity of species i in solution, x, is the mole fraction of
species 2, and /4 is the molar enthalpy. The righthand side of
Eq. 2 can be integrated numerically to find an equation for g8
as a function of &, if we have an initial condition describing
the temperature, fugacity fraction, enthalpies and composi-
tions at one coexistence point.

Initial condition

An initial coexistence condition is necessary to begin a
Gibbs-Duhem integration calculation for phase equilibrium
in a binary mixture. A convenient choice for the initial coex-
istence condition is the vapor-liquid or solid-liquid equilib-
rium condition for either of the pure Lennard-Jones compo-
nents. Here, we used literature data obtained via Gibbs-
Duhem integration for the vapor-liquid (Kofke, 1993) and
solid-liquid (Agrawal and Kofke, 1995) coexistence condi-
tions. The integrand in Eq. 2 is undefined for pure compo-
nents (£, =0, x,=0and & =1, x,=1), but it can be esti-
mated using the limiting case of infinite dilution. Here, we
follow Mchta and Kofke (1994), who used the infinite dilu-
tion case to start their Gibbs-Duhem integration calculations
of vapor-liquid equilibria in binary mixtures.

The limiting value of the integrand when x, approaches
zero (dB/déE,), _, can be estimated by supposing that the
real mixture displays ideal solution behavior at the limit of
infinite dilution of species 2. With this assumption, the abun-
dant component (species 1) in the ideal solution follows the
Lewis Randall rule

~

fi=x 1. 3)

while the dilute component (species 2) obeys Henry’s law

A

fa=x,Hy, 4)

where f, is the fugacity of pure component 1 at the tempera-
ture and pressure of the mixture, and H, is the Henry's law

AIChE Journal



constant for species 2. Letting x, — 1 and x, — 0, the fugac-
ity fraction of species 2 becomes, &, = x, H,/f,. After making
these substitutions into Eq. 2 and rearranging terms (Hitch-
cock and Hall, 1999), we get

dp f(1/Hs = 1/HY)

7 A s S ®

o =0

This gives us an estimate for the integrand at the initial con-
dition of & =0 and coexistence (for example, solid-liquid,
vapor-liquid) temperature, T, of pure species 1. A similar
formula can be derived in the limit of infinite dilution of
species 1.

We can calculate all of the quantities on the righthand side
of Eq. 5 with an NPT simulation of pure species 1. The molar
enthalpy of each phase is k= {u+ Pv)npr, where u is the
configurational energy of the system and the brackets {)npr
denote an NPT ensemble average. The quantity f, /H, can be
calculated from (Mehta and Kofke, 1994)

}C—‘: (exp(— BAu; _,2))npr (6)

where Au, _, , is the exchange energy associated with switch-
ing a particle from species 1 to 2. The exchange energy Au, _, ,
can be obtained by conducting trial identity switches during
the simulation; these involve randomly selecting a particle and
calculating the energy that would result if we were to switch
the particle from species 1 to species 2. This is done without
actually changing the particle’s identity.

Integration

Once we have an initial coexistence condition, the Gibbs-
Duhem integration procedure may be performed over the en-
tire range of fugacity fractions, ¢, =0 to &, =1, using a pre-
dictor-corrector algorithm to integrate Eq. 2. Starting at the
initial condition B, (£,), we step to the next fugacity frac-
tion (£,), and estimate the associated reciprocal temperature
B, using the trapezoid-rule predictor formula

BfmzBo“”[(fz)x‘(fz)n]F( Bo’(fz)o)’ (7)

where the superscript 0 indicates that 8% (a predicted value)
is our zeroth iteration attempt at finding the reciprocal tem-
perature B, and F is the righthand side of Eq. 2 evaluated at
the initial condition. Once B is estimated at the given fu-
gacity fraction (£,),, two semigrand canonical (NPT£,) Monte
Carlo simulations (one for the « phase and one for the y
phase) are conducted in order to calculate the enthalpies and
mole fractions of each phase at the new state point. (Details
of the NPT¢, simulations will be given in the next subsec-
tion.)

After the enthalpies and mole fractions at the new state
point are calculated, we refine the estimate for 8, at (£,), by
performing a loop of corrector iterations until 8, converges
within an acceptable tolerance. The general form of the
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trapezoid-rule corrector for this loop is given by

[(§2)1 _(‘fz)o]
2

X [Ffi)( .Blm’( f:)l)+ Fo( Bo( f:)o)]a (8)

i+ 1
B:H )=B0+

where the superscripts (/) and (i + 1) denote the iterations of
the corrector, the subscripts 0 and 1 denote the initial and
current state point, respectively, and F{" is calculated from
simulation averages of the enthalpies and mole fractions dur-
ing the ith iteration of the corrector at B{" and (£,),. After
B, converges, a production segment of simulations are run to
obtain the final average enthalpies and mole fractions for the
coexistence point. Once the production runs are completed,
the fugacity fraction is incremented and the predictor-correc-
tor algorithm described above is repeated to obtain the next
state point 3, (&,),.

Higher-order predictor-corrector equations are used as we
obtain more state points. The midpoint predictor-corrector is
used once two state points are known

Brgg)l = Bn*l +2[(§2)n+1—(§2)n]Fn( Bn’( g])n)’ (9)

[(‘fz)ml_(fz)u] [
3

,B,Si.:rll):anl'*' Fn(i+)1+4Fn+Fn~l]’
(10)

and the modified Adams predictor-corrector {Carnahan et al.,
1969) is used once three or more state points are known

[(£2)n:1=(£)]

() - +
Bn+l Bn 24
X [SSF,~59F,_, +37F,_, —9F,_;], (11)
. g n - § n
,5':1”=B,,+ [( 2) +1 ( 2) ]

24
X [9FD +19F, ~5F,_,+ F,_»]. (12)

n+ 1

In these sets of equations, the predictor is listed first and
the corrector second. The subscripts denote the coexistence
state points with (n + 1) being the current state point and the
superscripts denote the iterations of the corrector for the
current coexistence state point. By repeating the predictor-
corrector algorithm from §,=0 to &, =1, we can map out
the entire temperature vs. composition phase diagram.

In some of the mixtures, we encountered interference be-
tween two different two-phase coexistence regions. For in-
stance, much of the time the vapor-liquid and solid-liquid co-
existence curves overlapped, resulting in a three-phase solid-
liquid-vapor coexistence line. In this case, two Gibbs-Duhem
integrations were conducted, the first starting from the va-
por-liquid coexistence temperature for one of the pure com-
ponents and the second starting from the solid-liquid coexis-
tence temperature for the same pure component. For exam-
ple, in Figure 1 vapor-liquid and solid-liquid coexistence
curves can be calculated starting from the vapor-liquid and
solid-liquid coexistence temperatures (7.’ and T4', respec-
tively) of pure component 2. At some ¢, (unknown at the
commencement of the two integrations), the liquid-phase co-
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Figure 1. Procedure used to determine a solid-
liquid-vapor coexistence line.

Solid lines show the equilibrium-phase boundaries on the
T — x, diagram. The labels v (vapor), [ (liquid), and s (solid)
identify the phases present in cach region. Short-dashed and
long-dashed lines represent the metastable parts of the va-
por-liquid and solid-liquid coexistence curves, respectively.
Other labels are as follows: T3%, vapor-liquid coexistence
temperature for component 2: T1*, solid-liquid coexistence
temperature for component 2; 77, vapor-liquid-solid coex-

istence temperature; x4, .\"3, x3, the vapor, liquid, and

solid-phase coexistence mol fractions for component 2.

existence lines from each set of coexistence curves will cross,
thus, determining the temperature, fugacity fraction, and co-
existence compositions of the three coexisting phases: vapor,
liquid, and solid. In Figure 1 the liquid lines cross at 7% and
x5 Below T, the inner vapor-liquid and solid-liquid coexis-
tence curves (shown by short-dashed and long-dashed lines,
respectively) are metastable with respect to the outer vapor-
solid coexistence curves, according to the boundary curvature
rule (Gordon, 1983; Prince 1966), which states that the
boundaries of one-phase regions must meet at a three-phase
line with curvatures such that the boundaries extrapolate into
the two-phase coexistence regions. (It has been suggested that
the boundary curvature rule given by Gordon is a variation of
Schreinemaker’s rule. We have investigated several sources
on Schreinemaker’s rule as applied to invariant triple points
and quadruple points in pressure vs. temperature space but
cannot find a clear connection between this theorem and the
boundary curvature rule for the case discussed above.) The
vapor-solid coexistence curve is determined by a Gibbs-
Duhem integration starting from 7% at x4 and x3. Other
types of three-phase coexistence lines (heteroazeotropes, eu-
tectics, and so on) can be determined in a similar manner.

Simulations

The enthalpies and mole fractions needed as input to the
integration of Eq. 2 are obtained from semigrand canonical
(constant NPT£,) Monte Carlo computer simulations (Kofke
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and Glandt, 1988). In this work, all simulations were run with
a system size of 500 particles at a reduced pressure P* =
0.002. The temperature and fugacity fraction were fixed at
the values specified by the Gibbs-Duhem integration predic-
tor-corrector algorithm. There are three types of Monte Carlo
trial moves in semigrand canonical simulations: particle dis-
placements, volume change moves, and particle identity ex-
changes. The particle displacements and volume change
moves are conducted just as they are in a standard NPT sim-
ulation (Allen and Tildesley, 1987). In the particle identity
exchange moves a particle is selected at random and given a
trial species identity switch, which is accepted according to
the ratio of the species fugacity fractions &, and £,. The
overall acceptance probability (Mehta and Kofke, 1994) for
the moves in the NPT¢, ensemble is min[ l,exp(A)] where

V[riul

A= — B(Umm _ Unld ) _ BP(VmuI _ Vold) + Nln V(,m

= (13)

-2

+min

In Eq. 13, U™ and UM, and V™! and °' are the con-
figurational energies and volumes of the trial and existing
states, respectively, m = + 1 if the trial identity switch is from
species { to 2, and m = — 1 if the trial identity switch is from
species 2 to 1. In NPTé, simulations the choice of the type of
Monte Carlo move is made randomly, but weighted, such that
the ratio of attempted moves is 1 volume change to N parti-
cle displacements to N identity switches. The length of the
simulation is given in cycles, where one cycle represents 1
volume change attempt, N displacement attempts, and N
identity switch attempts. In our work, a typical NPT¢, simu-
lation is equilibrated for 3,000 cycles and then followed by a
production run of 5,000 cycles to compute the average en-
thalpy and mole fraction. The only difference between fluid-
and solid-phase simulations is that, to maintain an fcc crys-
talline structure in the solid-phase simulations, we impose a
single occupancy constraint (Hansen and Verlet, 1969; Kofke,
1991) on the trial displacements of particles in the solid, that
is, any displacements that put the particle outside its lattice
cell are rejected.

Other details of the NPT¢, simulations are as follows. The
simulation volume is a cubic box with periodic boundary con-
ditions. The particles interact via the Lennard-Jones poten-
tial model. We determine the cross-species interaction pa-
rameters (o,,,€,,) by using the Lorentz-Berthelot (Rowlin-
son and Swinton, 1982) mixing rules o, =(o, + 05,)/2 and
€, =y €,€. The potential interactions are truncated at a
cutoff radius of half the box length. To compensate for this
truncation, a long-range correction is applied to the energy
calculations during the simulation by assuming a uniform
density distribution beyond the cutoff radius (Allen and
Tildesley, 1987).

Results

In this section, we present the results of our Gibbs-Duhem
integration caiculations of complete phase behavior for bi-
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nary Lennard-Jones mixtures. All of the phase diagrams were
calculated at reduced pressure P* = Po? /e,, = 0.002, which
is equivalent to atmospheric pressure for argon. We calcu-
lated a series of 11 phase diagrams for diameter ratios
o /on =085 09, 095 and 1.0, and well-depth ratios
€, /€2, =0.625, 1.0, and 1.6 (the phase diagram for o, /o5, =
1.0 and €, /€5, = 1.0 is trivial and will not be discussed). For
these diameter ratios, the solid phase has a substitutionally
disordered fec crystalline structure. We begin with a detailed
description of the phase diagrams found at o, /o5, = 0.95 and
then simply highlight the salient features of the remaining
eight phase diagrams.

In the first series, we calculated phase diagrams for binary
mixtures with o, /o5, = 0.95 and €,, /e,, = 0.625, 1.0, and 1.6.
Figure 2 shows the temperature-composition phase diagrams
obtained via Gibbs-Duhem integration (row 1) along with
not-to-scale schematic diagrams (row 2) drawn to illustrate
the smaller features of the actual phase diagram more clearly.
On the phase diagram for o, /o5, = 0.95 and €, /€5, = 0.625,
vapor-liquid coexistence lines originate from pure component
2(x,=1, T* =kT /e, = 1.141) and decrease in temperature
with decrcasing fugacity fraction ¢,. Solid-liquid coexistence

€,/%,, = 0.625

€ /€

11

lines originate from pure component 2 (x, =1, T* = 1,099)
and decrease in temperature with decreasing fugacity frac-
tion £,. The liquid-vapor and solid-liquid curves meet at T*
=1.093 and form a three-phase, solid-liquid-vapor equilib-
rium line. Solid-vapor coexistence lines originate from this
three-phase line and decrease in temperature with decreas-
ing fugacity fraction &,. Vapor-liquid curves originate from
pure component 1 (x, =0, 7% = 0.732) and increase in tem-
perature with increasing fugacity fraction &,. The vapor-liquid
and vapor-solid curves meet at 7* = 0.745 and form a three-
phase, vapor-liquid-solid equilibrium line. Liquid-solid coex-
istence lines originate from this three-phase line and de-
crease in temperature with decreasing fugacity fraction &,
until they reach the solid-liquid coexistence temperature for
pure component 1 {x, =0, T* = 0.687). A miscibie solid phase
exists below the solid-liquid curves.

On the phase diagram for oy, /0, = 0.95 and €, /€5, = 1.0,
vapor-liquid coexistence lines originate from pure component
2 (xy=1, T* =0.742) and decrease in temperature with de-
creasing fugacity fraction until they reach the vapor-liquid co-
existence temperature for pure component 1 (x, =0, T* =
0.732). A miscible liquid phase exists below the vapor-liquid

=10 €,/¢,=16

0.75

0.70

0.65

—_— Xy

Figure 2. Temperature vs. composition phase diagrams for Lennard-Jones binary mixtures with diameter ratio

011/ 025 = 0.95 at P* = 0.002.

Row | shows the phase diagrams obtained via Gibbs-Duhem integration. The circles represent data from Gibbs-Duhem integration simula-
tions. Error bars are shown when they are larger than the width of the symbol. Lines are drawn through the points for clarity. The labels
identifying the phases present in each region are as follows: v (vapor). | (liquid), and s (fec solid solution). Row 2 gives diagrams (not to

scale) corresponding to the phase diagrams in row 1.

AIChE Journal

July 2001 Vol. 47, No. 7

1669



curves. Solid-liquid coexistence lines originate from pure
component 2 {(x, =1, 7% = 0.687) and decreasc in tempera-
ture with decreasing fugacity fraction &, to a minimum melt-
ing point (x, = 0.508, 7* = 0.666). The solid-liquid lines then
increase in temperature with decreasing tugacity fraction ¢,
until they reach the solid-liquid coexistence temperature for
pure component 1 (x, = 0, T* = 0.687). A miscible solid phase
exists below the solid-liquid curves.

On the phase diagram for o, /o, = 0.95 and €, /e, = 1.6,
liquid-vapor coexistence lines originate from pure component
1 (x,=0, T* =0.732) and decrease in temperature with in-
creasing fugacity fraction &,. Solid-liquid coexistence lines
originate from pure component 1 (x, =0, 7* =0.687) and
decrease in temperature with increasing fugacity fraction £,.
The liquid-vapor and solid-liquid curves meet at 7* = 0.681
and form a three-phase. solid-liquid-vapor equilibrium line.
Solid-vapor coexistence lines originate from this three-phase
line and decreasc in temperature with increasing fugacity
fraction §&,. Liquid-vapor coexistence lines originate from
pure component 2 (x, =1, T* = 0.485) and increase in tem-
perature with decreasing fugacity fraction &,. The liquid-
vapor and solid-vapor curves meet at 7% = 0.495 and form
another three-phase, solid-liquid-vapor cquilibrium line.
Solid-liquid lines originate from this three-phase line and de-
crease in temperature with increasing fugacity fraction &,
until they reach the solid-liquid coexistence temperature for
pure component 2 (x, = 0, T* = 0.429). A miscible solid phase
exists below the solid-liquid curves.

For completeness, we present the phase diagrams for
o,1/02, = 1.0 and €, /e, =0.625 and 1.6 in Figure 3. These
phase diagrams are quite similar to the phase diagrams for
a,,/02 =095 and €, /e, = 0.625 and 1.6. On the phase dia-
gram for o, /05, = 1.0 and €,,/€5, = 0.625, vapor-liquid-solid
equilibrium lines occur at T* = 1.096 and T* = 0.738. On the

phase diagram for oy,/0,, =10 and €, /e, =1.6, vapor-
liquid-solid equilibrium lines occur at 7% = 0.681 and T* =
0.490.

In the second series, we calculated phase diagrams for bi-
nary mixtures with o, /0, = 0.9 and €, /e;, = 0.625, 1.0, and
1.6. Figure 4 shows the temperature-composition phase dia-
grams obtained via Gibbs-Duhem integration (row 1) along
with not-to-scale schematic diagrams (row 2). The phase dia-
gram for o,/05, =09 and €, /e, = 0.625 is similar to the
phase diagram for o, /0., =0.95 and €, /€5, = 0.625 with
vapor-liquid-solid equilibrium lines occurring at 7* = 1.086
and T* =0.770. However, the solid-liquid coexistence lines
now have a minimum melting point; this occurs at x, = 0.195,
T* = 0.665. The phase diagram for o|;/0,, = 0.9 and €, /e,,
= 1.0 is similar to the phase diagram for o, /o5, = 0.95 and
€,,/€» =1.0, but now the minimum melting point in the
solid-liquid coexistence lines occurs at x, = 0.440, T* = 0.593.

The phase diagram for o,/0,, =09 and €,,/e,, =1.6 is
different from the phase diagram for /0., =0.95 and
€,,/€,> = 1.6, because now there is phase separation in the
solid at low temperatures. Solid(1)-liquid-vapor equilibrium
lines occur at T* =0.679 and T* = 0.505, where solid(1) de-
notes an fcc disordered solid rich in component 1. Solid(1)-
liquid lines originate from the three-phase line at 7% = (.505
and decrease in temperature with increasing fugacity fraction
&,. Liquid-solid(2) coexistence lines, where solid(2) denotes
an fee disordered solid rich in component 2, originate from
pure component 2 (x, =1, T* = 0.429) and increase in tem-
perature with decreasing fugacity fraction ¢,. The solid(1)-
liquid and liquid-solid(2} curves meet at 7* = 0.437 and form
a three phase, solid(1)-solid(2)-liquid equilibrium line. This
line is also known as a peritectic. Below this temperature (not
shown in Figure 4), solid(1) and solid(2) are in equilibrium.
Although the Gibbs-Duhem integration method we employ

€,/€, = 0.625

————

€ /€ 1.6

wen =

Figure 3. Temperature vs. composition phase diagrams for Lennard-Jones binary mixtures with diameter ratio

01/ 022 = 1.0 at P* = 0.002.

The circles represent data from Gibbs-Duhem integration simulations. Error bars are shown when they are larger than the width of the
symbol. Lines are drawn through the points for clarity. The labels identifying the phases present in cach region are as follows: v (vapor), |

(liquid), and s (fcc solid solution).
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can be readily applied to solid-solid equilibria, we have not
calculated solid(1)-solid(2) coexistence lines in this work since
they are not necessary for classifying the solid-liquid behav-
ior.

In the third series, we calculated phase diagrams for binary
mixtures with o, /05, = 0.85 and €,, /e,, = 0.625, 1.0, and 1.6.
Figure 5 shows the temperature-composition phase diagrams
obtained via Gibbs-Duhem integration (row 1) along with
not-to-scale diagrams (row 2). The phase diagram for o), /05,
=0.85 and €,,/e,, = 0.625 differs considerably from that at
1,/02, =095 and €,,/e,, =0.625 in that it displays solid-
phase separation at low temperatures. Vapor-liquid-solid(2)
equilibrium lines occur at T* =1.075 and T* =0.819. The
solid(D)-tiquid and liquid-solid(2) curves form a eutectic at x,
=0.345, T =0.543. On the phase diagram for €;,/e;; = 1.0,
the solid{1)-liquid and liquid-solid(2) curves form a eutectic
at x, =0.462, T* = 0.466. On the phase diagram for €, /e,,
= 1.6, vapor-liquid-solid(1) equilibrium lines occur at T* =
0.679 and T* =0.516. The solid(1)-liquid and liquid-solid(2)
curves form a eutectic at x, = 0.928, T* = 0.420.

Discussion

In this section, we discuss how the phase diagrams are in-
fluenced by variations in the intermolecular interactions. We

£,/¢

£,,/€,, =0.625

then point out a number of real systems that display the same
types of phase diagrams as those calculated for the Lennard-
Jones binary mixtures in this work.

To understand how variations in the size and the attractive
interactions lead to the complete phase diagrams displayed
in Figures 2-5, it is helpful to consider the diagrams shown
in Figure 6. The columns correspond to mixtures with diame-
ter ratios o, /o, =0.95, 0.9, and 0.85, and the rows corre-
spond to mixtures with well-depth ratios €, /€, =1.6, 1.0,
and 0.625. The equilibrium curves for vapor-liquid, solid-
liquid, and solid-vapor coexistence (black solid lines) are
based on our simulation results. The equilibrium curves for
solid-solid coexistence (gray solid lines) are based on our best
guess as to how the upper critical solution temperature of the
solid-solid immiscibility dome shifts with variations in the
well-depth ratio. Underpinning this guess is quasichemical
theory (Prince, 1966; Gordon, 1983) which tells us that the
upper critical solution temperature increases as the attrac-
tions between like molecules become stronger than the at-
tractions between unlike molecules, that is, for a constant
a,,/04, the upper critical solution temperature will increase
as €,,/e,, increases above unity or decreases below unity,
and, for a constant €,,/e,,, the upper critical solution tem-
perature will increase as o, /0, decreases. The metastable
solid-liquid and vapor-liquid (black dashed lines) and the

1.0 € /e.=16

7= wWen =

S,

=

X

—> X,

Figure 4. Temperature vs. composition phase diagrams for Lennard-Jones binary mixtures with diameter ratio

741/ 025 = 0.90 at P* = 0.002.

Row | shows the phase diagrams obtained via Gibbs-Duhem in
and 2. respectively). Other symbols as in Figure 2. Row 2 give
row I.
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metastable solid-solid (gray dashed lines) coexistence curves
are drawn to illustrate how these various two-phase coexist-
ence regions interfere as diameter ratio and well-depth ratio
are varied.

In the o, /5, =0.95 column at €, /e,, = 1.0, there are
three, noninterfering two-phase coexistence regions: vapor-
liquid, solid-liquid, and solid-solid. The solid-liquid coexist-
ence region has a shape characteristic of a solid solution with
a minimum melting point; this minimum melting point is in-
evitable since the melting temperatures of the pure compo-
nents are equal (Rowlinson and Swinton, 1982). As the well-
depth ratio increases to €, /e, = 1.6, the vapor-liquid and
solid-liquid coexistence temperatures of pure component 2
decrease and the vapor-liquid and solid-liquid phase en-
velopes widen, causing them to interfere and form a vapor-
solid coexistence region. Additionally, at €,,/€,, = 1.6, the
difference between the melting temperatures of the pure
components is sufficiently large that the minimum in the
solid-liquid coexistence curve disappears and the shape of the
solid-liquid coexistence region changes from a solid solution
with a minimum melting point (e, /e, = 1.0) to a simple solid
solution (€,,/e,, = 1.6). Likewise, as the well-depth ratio de-
creases to €,/€» = 0.625, the vapor-liquid and solid-liquid
coexistence temperatures of pure component 2 increase, re-

sulting in a similar pattern of vapor-liquid, solid-liquid inter-
ference and a change in the shape of the solid-liquid coexist-
ence region from a solid solution with a minimum melting
point (e,,/e;» =1.0) to a simple solid solution (e,,/e;, =
0.625).

In the ¢,,/05 =0.90 column, at €,/e,, = 1.0, there are
again three, noninterfering two-phase cocxistence regions:
vapor-liquid, solid-liquid, and solid-solid. The solid-liquid co-
existence region has a shape characteristic of a solid solution
with a minimum melting point. As the well-depth ratio in-
creases to €, /e,, = 1.6, the vapor-liquid and solid-liquid co-
existence temperatures of pure component 2 decrcase and
the vapor-liquid and solid-liquid phase envelopes widen,
causing them to interfere and form a vapor-solid coexistence
region. Additionally, at €, /e,, = 1.6, the difference between
the melting temperatures of the pure components is suffi-
ciently large that the minimum in the solid-liquid coexistence
curve disappcars, however, instead of forming a simple solid
solution shape (as was the case for o, /0>, =0.95, €, /€1, =
1.6), the solid-liquid coexistence region displays a shape char-
acteristic of a peritectic. This peritectic shape can be thought
of as resulting from the interference between a solid-liquid
coexistence region with a solid solution shape and a solid-solid
immiscibility dome, as shown by the dashed curves. Likewise,

€,,/6,, = 0.625 08 €,/€, =10 03 €,/e, =16
1 v
v+
O.J: v \ I+v -
~ 1.0 / v+l
i V+s, l+s,
- l+s,
s, +1 l+v
0.6 S+ v
0.8 v+l \
1
l+s, s, +1
0.6 gsl +1
0.4
0.0 0.5 0.0 0.5 1.0

{

—> X,

Figure 5. Temperature vs. composition phase diagrams for Lennard-Jones binary mixtures with diameter ratio

041/ 025 = 0.85 at P* = 0.002.

Row 1 shows the phasc diagrams obtained via Gibbs-Duhem integration. The labels s and s, denote fcc solid solutions rich in component 1
and 2, respectively). Other symbols as in Figure 2. Row 2 gives diagrams (not to scale) corresponding to the phase diagrams in row l.
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Figure 6. Interference between vapor-liquid, solid-liquid
and solid-solid coexistence regions.

The columns correspond to mixtures with diameter ratios
o /02 =10.95, 0.9, and 0.85, and the rows correspond to
mixtures with well-depth ratios €;,/e,, = 1.6, 1.0, and 0.625.
Solid black lines correspond to equilibrium curves calcu-
lated in this work. Solid gray lines represent solid-solid coex-
istence curves, which have not been calculated for these
mixtures, but have been estimated using quasichemical the-
ory. Metastable coexistence curves are indicated with dashed
lines.

as the well-depth ratio decreases to €,,/e,, = 0.625, the va-
por-liquid and solid-liquid coexistence temperatures of pure
component 2 increase, resulting in a similar pattern of
vapor-liquid, solid-liquid interference. Here, the solid-liquid
coexistence region retains its solid solution with a minimum
melting temperature shape.

In the o /0, =0.85 column at €, /e, =1.0, there is a
noninterfering vapor-liquid coexistence region followed at
lower temperatures by a solid-liquid coexistence region with
a shape characteristic of a eutectic. This eutectic shape can
be thought of as resulting from the interference between a
solid-liquid coexistence region with a minimum melting tem-
perature and a solid-solid immiscibility dome, as shown by
the dashed curves. As the well-depth ratio increases to
€;,/€x, =1.6, the vapor-liquid and solid-liquid coexistence
temperatures of pure component 2 decrease and the vapor-
liquid and solid-liquid phase envelopes widen, causing them
to interfere and form a vapor-solid coexistence region. The
shape of the solid-liquid coexistence region remains the same,
although the eutectic composition (the point at which the two
liquid-phase lines cross) shifts towards pure component 2.

AIChE Journal

Likewise, as the well-depth ratio decreases to €, /e,, = 0.625,
the vapor-liquid and solid-liquid coexistence temperatures of
pure component 2 increase, resulting in a similar pattern of
vapor-liquid, solid-liquid interference. Again, the shape of the
solid-liquid coexistence region remains the same, but here the
eutectic composition shifts towards pure component 1.

In the €,,/€,, =1.0 row, there is no interference between
the vapor-liquid and solid-liquid coexistence regions. As
o, /04, decreases, the vapor-liquid coexistence temperature
of pure component 2 increases and the vapor-liquid phase
envelope widens. At o,,/0,, =0.95, there is a minimum
melting temperature in the solid-liquid coexistence region. As
o, /05 decreases, the solid-liquid lines “fall” because the
liquid phase can accommodate the larger differences in size
casier than the solid phase (Hume-Rothery et al., 1969); this
results in the minimum melting temperature decreasing with
decreasing o,/05,. At 0,/05, = 0.85, the minimum melting
temperature is below the upper critical solution temperature
of the solid-solid coexistence region and a eutectic line is
formed. Similar trends can be observed in the €, /e,, = 0.625
and 1.6 rows.

It is of interest to determine which real binary mixtures
display phase diagrams that are qualitatively similar to the
phase diagrams for the Lennard-Jones binary mixtures shown
in Figures 2-5. We make these comparisons with the full un-
derstanding that the Lennard-Jones potential is not necessar-
ily a suitable model for many of the real systems mentioned
below. Nevertheless, it is interesting to see what molecular
features the real mixture and the Lennard-Jones mixture have
in common since this helps us to gain insight into how molec-
ular properties affect phase behavior.

The binary mixture p-dichlorobenzene-p-dibromobenzene
is expected to display a 7 — x phase diagram with the same
qualitative features as in the diagram for o, /05, = 0.95 and
€,1/€, =0.625. We say “expected” here, because no 7 — x
phase diagram has been published for this mixture. Based on
the experimental measurements of the solid-liquid-vapor co-
existence line (Kruyt, 1912) and the fact that this mixture has
been found to form solid solutions (Walsh and Smith, 1961;
de Kruif et al., 1981) one can deduce that a T — x diagram
like the one shown on the lefthand side of Figure 2 should be
observed at a pressure slightly above the triple point pressure
of p-dibromobenzene. The similarities in phase behavior be-
tween the real mixture and the Lennard-Jones mixture can
be explained by noting that both p-dichlorobenzene and p-
dibromobenzene are symmetric molecules and that they dif-
fer in size by approximately 6% along their longest linear
dimension (Remyga et al., 1971).

At atmospheric pressure, the binary mixture argon-methane
is expected to display a 7' — x phase diagram with the same
qualitative features as in the diagram for o, /o5, = 0.9 and
€),/€x = 1.0 (Figure 4, middle). Again, we say “expected” be-
cause there are no published T — x measurements of the va-
por-liquid region at atmospheric pressure. Nevertheless,
based on constant-temperature P — x measurements (Sprow
and Prausnitz, 1966), it is reasonable to expect that the T — x
vapor-liquid equilibrium will be spindle-shaped as in Figure 4
(middle), because the P — x vapor-liquid region forms a spin-
dle shape. The solid-liquid coexistence curves for argon-
methane at atmospheric pressure were determined experi-
mentally by van’t Zelfde et al. (1968). Subsequent measure-
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ments by Greer et al. (1969) showed that a solid-solid immis-
cibility gap exists directly below the solid-liquid curve. Ac-
cording to the Lennard-Jones parameters determined by Clif-
ford et al. (1977) from viscosity data, the argon-methane mix-
ture has a diameter ratio o,,/oqy, = 0.9 and a well-depth
ratio €,,/ecy;, = 0.88. Upon comparing these parameters with
the parameters above, it appears that the diameter ratio of
the two components has more influence on the phase dia-
gram than the well-depth ratio.

Aqueous salt systems, such as H,O-NaCl, H,0-AgNO;,
and H,O-KNO; (Ricci, 1951; Zernike, 1955), display 7 — x
phase diagrams with the same qualitative features as in the
diagram for o), /05, =0.85 and €,/e;, = 0.625 (Figure S5,
lefthand side). The binary mixture methane-n-hexadecane
also displays this type of T — x phase diagram at pressures
between the triple point of methane and the critical point of
n-hexadecane (Glaser et al., 1985). The common characteris-
tic among all these real systems is that there is a relatively
large difference between the pure component coexistence
temperatures, which is reflected in the Lennard-Jones mix-
ture by the large well-depth ratio since temperature scales
with the well-depth parameter. The binary mixture iodine-
sulfur (Okamoto, 2000) displays a T — x phase diagram with
the same qualitative features as the diagram for o, /o), =
0.85 and €, /e,, = 1.0. The similarities in phase behavior be-
tween a mixture of iodine and sulfur and the Lennard-Jones
mixture can be explained by noting that the melting points of
iodine and sulfur are nearly identical, (that is, the well-depth
ratio of this mixture is unity), while their size difference is
about 20%.

Summary

The Gibbs-Duhem integration technique was combined
with semigrand canonical Monte Carlo simulations to calcu-
late complete T — x phase diagrams for binary Lennard-Jones
mixtures. To explore the effect of molecular size and inter-
molecular attractions on the complete phase behavior of a
mixture, we calculated phase diagrams for binary Lennard-
Jones mixtures with diameter ratios ranging from 0.85—1 and
attractive well-depth ratios ranging from 0.625 1.6, at a re-
duced pressure P* = 0.002.

These calculations mark the first time that molecular simu-
lation has been used to obtain phase diagrams describing all
types of equilibria between vapor, liquid, and solid phases.
This capability affords the possibility of classifying phase dia-
grams based not only on fluid-phase behavior, as was done by
van Konynenburg and Scott, but also on solid phase behav-
ior. The Gibbs-Duhem integration approach holds a few ad-
vantages over the equation of state approach for calculating
phase equilibria: (1) equations of state do not allow for
solid-phase formation, but a solid phase with any crystalline
structure can be readily incorporated into the Gibbs-Duhem
integration scheme; (2) equation of state predictions may
produce unrealistic phase behavior due to the approxima-
tions that are made when developing an analytical equation
of state for a particular molecular model, while the Gibbs-
Duhem integration predictions are based on simulation re-
sults, which are exact for the molecular model under study
(Allen and Tildesley, 1987).
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The limitations of this approach should be peinted out as
well. First, the Gibbs-Duhem integration procedure, as for-
mulated here, cannot be used to evaluate critical phenom-
ena. Second, it is not always trivial to obtain an initial condi-
tion to begin the integration. For example, there is presently
no straightforward way to begin a Gibbs-Duhem integration
calculation of liquid-liquid or solid-solid coexistence lines that
are not connected (via a heteroazcotrope or eutectic) to a
pure component coexistence point. In principle, one could
conduct a Gibbs ensemble simulation to obtain an initial co-
existence condition for liquid-liquid equilibria, but often the
densities of the liquid phases are too high to permit a suffi-
cient number of successful particle transfers. An alternative
approach would entail conducting Gibbs-Duhem integration
simulations at some lower pressure where the vapor-liquid
and liquid-liquid coexistence regions meet at a hetero-
azeotrope. Using the liquid-liquid coexistence points from the
heteroazeotrope at the lower pressurc. a constant tempera-
ture Gibbs-Duhem integration could then be conducted to
determine a liquid-liquid coexistence point at the desired
pressure. This liquid-liquid coexistence point then becomes
the initial condition for the Gibbs-Duhem integration of the
full liquid-liquid coexistence curve. Calculations of this na-
ture are currently underway.
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